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Abstract
We give single exponential bounds for the degrees in the identity of the Real Nullstellensatz
for zero-dimensional ideals. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
In real algebraic geometry one is concerned with the real points of varieties. If k is
a formally real eld (i.e. −1 is not a sum of squares in k) and I  k[X1; : : : ; Xn] is an
ideal, the set of real zeroes of I is
Vr(I) = f(x1; : : : ; xn)2V (I) j k(x1; : : : ; xn) is formally realg;
where V (I) is the set of all zeroes of I in some xed algebraic closure ~k of k. One of
the rst basic theorems in real algebraic geometry is the so-called \Real Nullstellensatz"
which states
Ik(Vr(I)) =
re
p
I ;
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where re
p
I is the real radical of I . If I=(f1; : : : ; fm) then f2 re
p
I i there is an identity
of the form
f2t +
Xr
i=1
h2i =
mX
i=1
qifi (1)
for certain r; t 2N; q1; : : : ; qm; h1; : : : ; hr 2 k[X1; : : : ; Xn] (cf. [8, Chapter 6]).
By an easy model theoretic consideration one can show that there is a recur-
sive function s : N4 ! N such that for every formally real eld k, every ideal
I = (f1; : : : ; fm) k[X1; : : : ; Xn] and every f2 re
p
I there is an identity of form (1)
such that r; t and the degrees of the polynomials h1; : : : ; hr ; q1; : : : ; qm are bounded by
s(n; m; d; degf) where d=maxfdegf1; : : : ; degfmg.
In [9] such a function is explicitly constructed using the Hormander tableaux method
(cf. [3, Chapter 1:4]) for the elimination of quantiers for real closed elds. This
function is (n+4)-fold exponential in d but in a recent report on their work, Lombardi
and Roy announced a 5-fold exponential bound.
The aim of this paper is to give a single exponential bound in the case of 0-dimen-
sional ideals. Instead of using quantier elimination we use ideas from Becker combined
with methods which were developed in [1]. In that paper the authors gave an algorithm
which constructs for a given presentation I = (f1; : : : ; fm) k[X1; : : : ; Xn] a set of gen-
erators for re
p
I , provided that there is a factorization algorithm for polynomials over k.
2. Upper bounds
Throughout this section let k be a formally real eld and let ~k be its algebraic
closure. By P2(k(X )) we denote the so-called second Pythagoras number of the eld
k(X ). By denition P2(k(X )) is the least natural number r such that every sum of
squares in k(X ) is already a sum of r squares. If such a number r does not exist we
let P2(k(X ))=1. For certain elds k the number P2(k(X )) is known, e.g. P2(R(X ))=2
for every real closed eld R and P2(Q(X )) = 5 ([10, p. 100, Corollary 4]).
The following lemma is crucial for our approach. For the case of a real closed eld
it is trivial.
Lemma 1. Let f2 k[X ] be a univariate polynomial without real zeroes. Then there
is some a2 k; a natural number r  P2(k(X )) and polynomials h1; : : : ; hr 2 k[X ] such
that
af = 1 +
rX
i=1
h2i :
Proof. We rst show that there is some a2 k such that af−1 is positive semidenite
in every real closure of k. W.l.o.g. we may assume that f is monic and irreducible.
We factorize the derivative f0 in ~k[X ]
f0(X ) =
nY
i=1
(X − i):
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Since f is irreducible f(i) 6= 0 (1  i  n). Let
g(X ) =
nY
i=1
(f(i)X − 1):
Let s0; : : : ; sn 2Z[X1; : : : ; Xn] be the elementary symmetric polynomials. Then g(X ) =Pn
i=0(−1)n−iaiX i where ai = si(f(1); : : : ; f(n)). By the theorem on symmetric poly-
nomials there are f0; : : : ; fn 2 k[X0; : : : ; Xn] such that
si(f(X1); : : : ; f(Xn)) = fi(s0; : : : ; sn) (0  i  n):
Hence ai = fi(b0; : : : ; bn) where bj = sj(1; : : : ; n) (0  j  n). Up to a factor 1 the
elements b0; : : : ; bn are the coecients of f0 and thus g2 k[X ].
The well-known bound for the zeroes of a univariate polynomial (cf. [3, Lemme
1:2:9]) yields an element a2 k such that x  a for all real zeroes x of g, independent
from the ordering.
Now let R be a real closure of k. Since f is monic and has no real zero f is
positive denite. Thus f admits an absolute minimum on R, i.e., there is some z 2R
such that f(z)  f(x) for all x2R. Then f0(z) = 0 and therefore z 2f1; : : : ; ng.
Hence g(f(z)−1) = 0 and thus
f(x)−1  f(z)−1  a
for all x2R. Obviously af − 1 is positive semidenite in each real closure R of k.
By Artin’s solution of Hilbert’s 17th problem af−1 is a sum of squares of rational
functions. Thus,
af − 1 =
rX
i=1
g2i
for certain r  P2(k(X )); g1; : : : ; gr 2 k(X ). By Cassels’ theorem [11, p. 148, Corol-
lary 3:1] there are h1; : : : ; hr 2 k[X ] such that
af − 1 =
rX
i=1
h2i :
This proves the lemma.
In the univariate case we have the following result.
Theorem 1. Let f; g2 k[X ]; deg g = d and assume that f2 rep(g). Then there are
natural numbers r; t and polynomials h; h1; : : : ; hr 2 k[X ] such that
f2t +
rX
i=1
h2i = hg
and
(i) 2t  d+ 1
(ii) r  P2(k(X ))
(iii) deg
Pr
i=1 h
2
i  2(d− 1).
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Proof. We split g in k[X ] into a product of irreducible factors. Let p1; : : : ; pn 2 k[X ]
be the irreducible factors of g which have real zeroes and let q1; : : : ; qm 2 k[X ] be the
irreducible factors of g without real zeroes. So
g= c
nY
i=1
prii
mY
i=1
qsii
for certain c2 k; r1; : : : ; rn; s1; : : : ; sm 2N.
Let i2f1; : : : ; ng and choose a real zero a2 ~k of pi. Then a is of course a zero of g.
As f2 rep(g) we obtain f(a) = 0 by the Real Nullstellensatz. Since pi is irreducible
pi divides f. Thus,
f = p
nY
i=1
pi
for some p2 k[X ]. Now let q = Qmi=1 qsii . As q1; : : : ; qm have no real zeroes also q
has no real zeroes. Therefore by the previous lemma there are an element a2 k,
a natural number r  P2(k(X )) and polynomials f1; : : : ; fr 2 k[X ] such that
aq= 1 +
rX
i=1
f2i : (2)
Choose t 2N such that d  2t  d+ 1 and multiply Eq. (2) by f2t . We obtain
f2t +
rX
i=1
(fift)2 =
 
1 +
rX
i=1
f2i
!
f2t = aqf2t = ac−1p2t
nY
i=1
p2t−rii g: (3)
Now we divide the polynomials fift by g and obtain g1; : : : ; gr ; h1; : : : ; hr 2 k[X ] such
that
fift = gig+ hi (1  i  r) (4)
and for every i either hi = 0 or deg hi < deg g = d. Thus deg
Pr
i=1 h
2
i  2(d − 1).
Eqs. (3) and (4) now yield
f2t +
rX
i=1
h2i =
 
ac−1p2t
nY
i=1
p2t−rii −
rX
i=1
(g2i g+ 2gihi)
!
 g
and the theorem is proved.
Lemma 2. Let I = (f1; : : : ; fm) k[X1; : : : ; Xn] be a 0-dimensional ideal; d2N; d  3
such that degfi  d (1  i  m) and assume that I has no real zeroes. Let s=#V (I).
Then there are r 2N and polynomials h1; : : : ; hr ; q1; : : : ; qm 2 k[X1; : : : ; Xn] such that
1 +
rX
i=1
h2i =
mX
i=1
qifi
and
(i) r  P2(k(X ))
(ii) deg
Pr
i=1 h
2
i  dns  d2n
(iii) deg (qifi)  dn(1 + s)  dn(dn + 1) (1  i  m).
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Proof. After an ane invertible transformation of the coordinates we may assume that
the projection map
 : V (I)! ~k
(x1; : : : ; xn) 7! xn
is injective. This invertible transformation induces an automorphism of the polynomial
ring k[X1; : : : ; Xn] which preserves the total degree. So w.l.o.g. we may assume that  is
injective. By the Shape Lemma [2, p. 281] there are polynomials g; g1; : : : ; gn−1 2 k[Xn]
such thatp
I = (g(Xn); X1 − g1(Xn); : : : ; Xn−1 − gn−1(Xn)) (5)
and
deg gi < deg g= #V (I) = s:
As g2pI we obtain by the eective Nullstellensatz [5, pp. 77, Remark 1:6]
gd
n
=
mX
i=1
qifi (6)
for certain polynomials q1; : : : ; qm 2 k[X1; : : : ; Xn] such that deg (qifi)  dn(1+deg g)=
dn(1 + s). From (5) we immediately obtain
V (I) = f(g1(a); : : : ; gn−1(a); a) j a2 ~k; g(a) = 0g
and hence g has no real zero. Therefore also gd
n
has no real zero. By Lemma 1 there are
a natural number r  P2(k(X )), an element a2 k and polynomials h1; : : : ; hr 2 k[Xn]
such that
1 +
rX
i=1
h2i = ag
dn : (7)
Clearly,
deg
rX
i=1
h2i  deg gd
n
= dndeg g= dns:
Now (6) and (7) yield
1 +
rX
i=1
h2i =
mX
i=1
aqifi:
From the Bezout inequality [4, p. 13, Proposition 1:3(3)] we get s=#V (I)  dn. This
proves the lemma.
In the proof of the main result we need the following trivial lemma.
Lemma 3. Let f2 k[X1; : : : ; Xn]; g2 k[X1; : : : ; Xn; Y ] and assume that deg g  d. Then
f(X1; : : : ; Xn)dg

X1; : : : ; Xn;
1
f

2 k[X1; : : : ; Xn]
and its total degree is bounded by deg g+ d degf.
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Proof. Let g(X1; : : : ; Xn; Y ) =
Pm
i=0 gi(X1; : : : ; Xn)Y
i with m= degY g. Then
f(X1; : : : ; Xn)dg

X1; : : : ; Xn;
1
f

=
mX
i=0
gifd−i 2 k[X1; : : : ; Xn]:
As deg gi  deg g−i we obtain deg(gifd−i)  deg g−i+(d−i)degf  deg g+d degf
for all i2f0; : : : ; mg and the lemma is proved.
Now we are able to prove the main result.
Theorem 2. Let I=(f1; : : : ; fm) k[X1; : : : ; Xn] be a 0-dimensional ideal; d2N; d  3
such that degfi  d (1  i  m) and assume that f2 re
p
I . Then there are natural
numbers r; t and polynomials h1; : : : ; hr ; q1; : : : ; qm 2 k[X1; : : : ; Xn] such that
f2t +
rX
i=1
h2i =
mX
i=1
qifi
and
(i) 2t  d2n+1
(ii) r  P2(k(X ))
(iii) deg
Pr
i=1 h
2
i  d2n+1(1 + degf)
(iv) deg(qifi)  d2n+1(1 + degf) (1  i  m).
Proof. If I has no real zeroes the assertion follows immediately from Lemma 2. So
we may assume that Vr(I) 6= ;. Then degfi  1 for all i2f1; : : : ; mg. Let Y be a new
indeterminate and let
J = (f1; : : : ; fm; Yf − 1):
Then Vr(J ) = ;. As one can easily check,
 : V (J )! V (I)nVr(I)
(x1; : : : ; xn; y) 7! (x1; : : : ; xn)
is an injective map. Hence the Bezout inequality yields #V (J )  #V (I) − #Vr(I) 
dn − 1. From Lemma 2 we get an equation
1 +
rX
i=1
g2i =
mX
i=1
pifi + p(Yf − 1) (8)
for certain r  P2(k(X )); g1; : : : ; gr ; p1; : : : ; pm; p2 k[X1; : : : ; Xn; Y ] such that
deg
rX
i=1
g2i  dn+1(dn − 1)<d2n+1
and
deg(pifi)  dn+1dn = d2n+1 (1  i  m):
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Now choose t 2N such that d2n+1 − 1  2t  d2n+1. As degfi  1 (1  i  m) we
obtain degpi  d2n+1 − 1  2t (1  i  m). Furthermore, deg gi  t (1  i  r). Let
hi = f(X1; : : : ; Xn)t  gi

X1; : : : ; Xn;
1
f

(1  i  r)
and
qi = f(X1; : : : ; Xn)2t  pi

X1; : : : ; Xn;
1
f

(1  i  m):
Lemma 3 yields h1; : : : ; hr ; q1; : : : ; qm 2 k[X1; : : : ; Xn] and
deg hi  deg gi + t degf  t(1 + degf) (1  i  r);
deg qi  degpi + 2t degf (1  i  m):
Hence deg
Pr
i=1 h
2
i  2t(1 + degf)  d2n+1(1 + degf) and for all i2f1; : : : ; mg we
have deg (qifi)  2t degf + deg (pifi)  d2n+1degf + d2n+1  d2n+1(1 + degf).
Now substitute Y 7! 1=f in Eq. (8) and multiply by f2t . Then we obtain
f2t +
rX
i=1
h2i =
mX
i=1
qifi:
This proves the theorem.
3. Lower bounds
In this small section we give an example which shows that bounds of the type dO(n)
for t in Theorem 2 are optimal. The example appears in similar form in [6]. Let
I = (X d1 − X2; X d2 − X3; : : : ; X dn−1 − Xn; X dn ):
It is easy to see that V (I)= f(0; : : : ; 0)g. Hence X1 2 re
p
I . Thus there is an equation of
the type
X 2t1 +
rX
i=1
hi(X1; : : : ; Xn)2 =
n−1X
i=1
qi(X1; : : : ; Xn)(X di − Xi+1) + q(X1; : : : ; Xn)X dn
for certain polynomials q; q1; : : : ; qn−1; h1; : : : ; hr 2 k[X1; : : : ; Xn]. Now the substitution
Xi 7! X di−1 (1  i  n) yields the equation
X 2t +
rX
i=1
g2i = pX
dn
for certain g1; : : : ; gr ; p2 k[X ]. The valuation v : k(X )! Z [ f1g which corresponds
to the valuation ring k[X ](X ) is real. Hence by Lemma 3:7 [7] we get
dn  v(pX dn) = v
 
X 2t +
rX
i=1
g2i
!
=minf2t; v(g21); : : : ; v(g2r )g  2t:
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4. Remark
Theorem 2 in Section 2 just states the existence of single exponential bounds for
the degrees in the identity of the Real Nullstellensatz for zero-dimensional ideals. The
crucial point in the proof of Theorem 2 is the non-constructive proof of Lemma 1.
Therefore our approach does not yield a direct possibility to construct an equation of
the form
f2t +
rX
i=1
h2i =
mX
i=1
qifi
in an eective way.
However, since there are bounds for the degrees of the polynomials h1; : : : :hr ; q1; : : : ; qm
the above equation over the polynomial ring k[X1; : : : ; Xn] is equivalent to a system
of quadratic equations over the eld k. If such a system of quadratic equations can
be solved eectively, then also the polynomial identity above can be obtained in an
eective way.
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